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Abstract. Let ipi^) be a polynomial with rational coefRcients. Suppose that 
^ has the positive leading coefficient and zero constant term. Let A be a set of 
positive integers with the positive upper density. Then there exist x,y £ A and 
a prime p such that x — y = ipiP ~ !)■ Furthermore, if P is a set of primes with 
the positive relative upper density, then there exist x,y G P and a prime p such 
that X ~ y — Tpip — 1). 

1. Introduction 
For a set A of positive integers, define 

\An [i,x]\ 



d{A) = limsup 



X 



Furstenberg [HI Theorem 1.2] and Sarkozy [21] independently confirmed the fol- 
lowing conjecture of Lovasz: 

Theorem 1.1. Suppose that A is a set of positive integers with d{A) > 0, then 
there exist x,y ^ A and a positive integer z such that x ~ y = . 

In fact, the in Theorem 11.11 can be replaced by an arbitrary integral- valued 
polynomial f{z) with /(O) = 0. On the other hand, Sarkozy [22] also solved a 
problem of Erdos: 

Theorem 1.2. Suppose that A is a set of positive integers with d{A) > 0, then 
there exist x,y ^ A and a prime p such that x — y = p — 1. 

For the further developments of Theorems 11.11 and II. 2[ the readers may refer to 
[21], [H], [1], [10], [IE], [TT], [20]. In the present paper, we shall give a common 
generalization of Theorems 11.11 and II. 2[ Define 

^b,w = '■ Wx + b is prime} 
for 1 < 6 < with {b,W) = 1. 

Theorem 1.3. Let tplx) be a polynomial with integral coefficients and zero constant 
term. Suppose that A C Z"*" satisfies d{A) > 0. Then there exist x,y & A and 
z G Ai^w such that x — y = ip{z). 
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Corollary 1.1. Let i(j{x) be a polynomial with rational coefficients and zero con- 
stant term. Suppose that A C Z+ satisfies d{A) > 0. Then there exist x,y E A 
and a prime p such that x — y = ip{p — 1). 

Proof. Let W be the least common multiple of the denominators of the coefficients 
of ip. Then the coefficients of ip*{x) = ipiWx) are all integers. Then by Theorem 
ll.3[ there exist x,y & A and z G Ai vi/ such that 

X — y = ip*{z) = Tpij) — 1) 

where p = Wz + 1. □ 

Quite recently, about one month after the first version of this paper was open in 
the arXiv server, in ^ Bergelson and Lesigne proved that the set 

- 1), . . . , i^m{p ■■ p prime} 

is an enhanced van der Corput set Z"^, where ipi, . . . ,iprn are polynomials with 
integral coefficients and zero constant term. Of course, their result can be extended 
to the set {(ipii^z), . . . ,iprn{z)) : z G Ai^^} without any special difficulty. On the 
other hand, Kamae and Mendes France [15] proved that any van der Corput set 
is also a set of 1-recurrence. Hence Bergelson and Lesigne's result also implies 
our Theorem 11.31 and Corollary 11.11 In fact, they showed that the set {iplp — 1) : 
p prime} is not only a set of 1-recurrence, but also a set of strong 1-recurrence. 
For two sets A, X of positive integers, define 

dx{A) = limsup — —. 
x^oo I A n [l,a;J| 

Let V denote the set of all primes. In yjj. Green established a Roth's- type exten- 
sion of a result of van der Corput [B] on 3-term arithmetic progressions in primes: 

Let P he a set of primes with d-p{P) > 0, then there exists a non-trivial 3-term 
arithmetic progressions contained in P. 

The key of Green's proof is a transference principle, which transfers a subset 
P C p to a subset A C = Z/NZ with \A\/N > dv{P)/Q^, where iV is a large 
prime. Using Green's ingredients, now we can show that: 

Theorem 1.4. Let tplx) be a polynomial with integral coefficients and zero constant 
term. Suppose that P G V satisfies d-p{P) > 0. Then there exist x,y E P and 
z G Ai^vF such that x — y = ip{z). 

Similarly, we have 

Corollary 1.2. Let iplx) be a polynomial with rational coefficients and zero con- 
stant term. Suppose that P C V satisfies d-p{P) > 0. Then there exist x,y E P 
and a prime p such that x — y = ip{p — 1). 

On the other hand, the well-known Szemeredi theorem [23] asserts that for any 
set A of positive integers with d{A) > 0, there exist arbitrarily long arithmetic 
progressions contained in A. In [2], Bergelson and Leibman extended Theorem ll.il 
and Szemeredi's theorem: 
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Let ipilx), . . . , iprn{x) be arbitrary integral-valued polynomials with ipilO) = ■ ■ ■ = 
V'm(O) = 0. Then for any set A of positive integers with d{A) > 0, there exist 
X E A and a integer z such that x + ipi^z) , . . . , x + ipm{z) are all contained in A. 

Recently, Tao and Ziegler [20] proved that: 

Let tpi{x), . . . , iprn{x) be arbitrary integral-valued polynomials with ?/'i(0) = ■ ■ ■ = 
''/'m(O) = 0. Then for any set P of primes with d-p{P) > 0, there exist x E P and 
a integer z such that x + 'il)i{z)^ . . . ,x + ipm{z) are all contained in P. 

This is a generahzation of Green and Tao's celebrated result [T^ that the primes 
contain arbitrarily long arithmetic progressions. Furthermore, with the help of a 
very deep result due to Green and Tao [13] on the Gowers norms [Hj, Frantziki- 
nakis. Host and Kra [8] proved that if d{A) > then A contains a 3-term arithmetic 
progression with the difference p—l, where p is a prime. In fact, using the methods 
of Green and Tao in fT3], it is not difficult to replace A by P with d-p{P) > in 
the result of Frantzikinakis, Host and Kra. 

Motivated by the above results, here we propose two conjectures: 

Conjecture 1.1. Let ipiix), . . . ,ilJm{x) be arbitrary polynomials with rational co- 
efficients and zero constant terms. Then for any set A of positive integers with 
d{A) > 0, there exist x E A and a prime p such that x-\-ipi{p — l),... , x -\- iprnip — ^) 
are all contained in A. 

Conjecture 1.2. Let ipi{x), . . . jipmix) be arbitrary polynomials with rational co- 
efficients and zero constant terms. Then for any set P of primes with d-pi^P) > 0, 
there exist x E P and a prime p such that x -\- ipilp — 1) , . . . , x -\- ipm{p — 1) are all 
contained in P. 

The proofs of Theorems 11.31 and 11.41 will be given in section 3 and section 4. 
Throughout this paper, without the additional mentions, the constants implied by 
<C ^ and O(-) will only depend on the degree of i/j. 

2. Some Necessary Lemmas on Exponential Sums 

Let T denote the torus M/Z. For any function / over Z, define f^{x) = /(x + 
1) — f{x). Also, we abbreviate e^'^^^^ to e{x). Let ip{x) = aix^ + ■ ■ ■ + a^x 
be a polynomial with integral coefficients. In this section, we always assume that 
W,\ai\, . . . ,\ak\ <\ogN. 

Lemma 2.1. Suppose that h{x) is an arbitrary polynomial and < < 1. Then 
for any a eT 

N ^ q N 

^h{x)e{aij{x)) = - ^ e(aV^(r)/g) ^ /i(x)e((a - a/g)^(x)) + Odegh{h{N)N'') 

x=l ^ r=l x=l 

provided that \aq - a\ < N^/ipiN) with 1 < a < q < N" . 
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Proof. Let 9 = a — a/q. Then by a partial summation, we have 

N 

h{x)e{aip{x) / q)e{9ip{x)) 

x=l 

N-l 

^h{N)e{ei^{N))FM{alq) - ^{h{y + l)e{e^|J{y + 1)) - h{y)e{e^ljiy)))Fy{a/q), 

y=l 



where 



y Q 

y 



Fyia/q) := J] elaV'Cx)/?) = ^ J] e(aV'(r)/g) + 0(g). 

Clearly 



x=l ^ r=l 



h{y + l)e{e^l^{y + l))-h{y)e{9^l^{y)) 

= {h{y + 1) - h{y))e{9^{y + 1)) + /i(|/)e(^^(y))(e(^^^(y)) - 1) 
=0{h^{y)) + 0{h{y)9ij^{y)). 

This concludes that 

N 

h{x)e{aip{x) / q)e{9ip{x)) 

x=l 

= - ^ e(aV^(r)/g) ^ /i(x)e(^V'(x)) + 0{9qNiP^{N)h{N)) + 0{qh^{N)N). 

^ r=l x=l 

□ 

Define 



^ \og{Wx + b) iiWx + b is prime, 



otherwise, 
where is the Euler totient function. 

Lemma 2.2. Suppose that h{x) is an arbitrary polynomial and B > 1. Then for 
any a e T 

N 



h{x)Xh^w{x)e{c('^{x)) 



x=l 



cf>{W) 



^\ l<r<g x=l 

{Wr+b,q)=l 

provided that \aq — a\ < {log N)^ /'i[){N) with 1 < a < q < (logN)^ , where c is a 
positive constant. 
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Proof. Let 



x=l 



Fy{a/q) = ^Xb,w{x)e{a^{x)/q) 



l<r<Wq X&^r,Wq 
(r,q)=l Wqx+r<Wy+b 
r=b (mod W) 



The well-known Siegel-Walfisz theorem (cf. [7]) asserts that 

y 



p<y is prime 
p=b (mod q) 



provided that q < \og^^ y, where Ci, c' are positive constants. Hence 



Wqx+r<Wy+b 



l<r<q 
{Wr+b,q)=l 



It follows that 

(n/n\ = 

<P{Wq) 
Let 9 = a — a/q. Then 

AT 

/i(x)Ab^vy(a;)e(a^/'(x)) 

a;=l 

=/i(iV)e(^V^(iV))F^(a/g) - YiHv + l)e(^^(z/ + 1)) - h{y)e{e^{y)))Fy{a/q) 



y=l 

N 



gN/3^ 



^(Wa) ^ e{a^{r)/q)YKy)emy)) + 0{KN)Ne-^'^^ , 

^\ 'il l<r<q y=l 
(Wr+b,q)=l 

by noting that 

hiv + l)eie^iy + 1)) - h{y)eie^iy)) = 0{h\y)) + 0{h{y)ei,\y + 1)). 
Lemma 2.3. For any 9 & 

N i>{N) 
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Proof. Clearly 

N i){N) N ■il)'^{x-l)-l 

x=l y=0 

\ x=l y=0 

A/ 



1=1 



x=l 



--0{eilj{N)^lj'^{N)). 



□ 



Lemma 2.4. For any e > 0, 



X:e(aV'W)«.iV-(^ + ^ + ^) 



provided that \a — a/q\ < q ^. 

Proof. We left the proof of Lemma 12.41 as an exercise for the readers, since it is 
just a little modification of the proof of Wely's inequality [271 Lemma 2.4]. □ 

Lemma 2.5 (Hua). Suppose that {q, ai, . . . , a^) = 1. Then 



Ee(^(r)/g) <e q^ ^" 



for any e > 0. 

Proof. See [271 Theorem 7.1]. 
Lemma 2.6. 



□ 



/ ^ ^ V'^la^ ~ l)e{aip{x)) 

x=l 



da <p gcd{ip)i){N) 



p-i 



for p > k2^^'^ , where gcd('?/') denotes the greatest common divisor o/oi, . . . , a^. 
Proof. Notice that 



TV 



'Y^{ail))^{x — l)e{aail){x)) 



x=l 



da =a^ ^ 



TV 



'Y^ip^{x — l)e{ai/j{x)) 



x=l 



da 



„1 TV 

'I s:*' 



(x — l)e{a4'{x)) 



da. 



So without loss of generality, we may assume that gcd^ip) = 1. Let z/ = 1/5 and 
e = 2-V - f . Let 

97la,, = {a G T : lag - a| < iV7^(iV)}, 971 = U M,,, 

(a,ij)=l 
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and m = T \ mt. Clearly mes(a7l) < N^^/ipiN), where mes(9Jt) denotes the 
Lebesgue measure of 971. 

If a G m, then by Lemma [2.41 we have 

TV 



x=l 



N N-1 y 

=^^(iV - 1) ^ e{a^{x)) - - ^^(y - 1)) £ eM(x)) 

x=l S/=l 



x=l 



Hence 



N 



x=l 



da <e ip{NYNP^ 



£-21-'= I/) 



0(^(iV) 



p-U 



On the other hand, when a G 971, by Lemmas 12.11 and 12. 3[ 

N q i>{N) 

^tp^{x- l)e{a^{x)) = -J2 e(a^(r)/g) ^ e((a - a/q)x) + 0{ip^{N)N''). 



x=l ^ r=l 

Let L = [p/2\. Obviously 



x=l 



N 



'ip^{x — V)e{pL'\\)[xy) 



x=l 



da < ^{N) 



P-2L 



<m 



N 



''^^ijj'^^x — l)e{atp{x)) 



x=l 



2L 



da. 



So it suffices to show that 

N 



'^^ip^{x — l)e{aip{x)) 



x=l 



2L 



2L-1 



Now 



N 



4''^{x — l)e{aip{x)) 



x=l 



2L 



-^e(aV'(r)/g) e{{a - a/q) 



r=l 



x=l 



2L 



Hence 



N 



2L 



— l)e{aipix)) 

x=l 

aKqKN" -^^a.q " ,,=1 x=l 



^<a.<q<N 
(a,q)=l 



2L 



da 



+ 0{^lj{Ny^-^^/j^{N)N''mes{m)). 
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Clearly 



/ e((a — a/g)x) da < e{{a — a/q)x) 



2L 



da 



E 



l<Xl,...,X2L<i>{N) 
Xi-\ \-Xl=Xl+1-\ \-X2L 



<ip{N) 



2L-1 



And by Lemma [2751 



. ? 2L 

Y: -Y.e{ai.{r)/q) «, J] ^-^^(i-) < J] g^^^^^^-^^ = 0.(1) 



(a,ij)=l (a,g)=l 

since L > — e)^^. We are done. 



l<q<N'' 



□ 



Lemma 2.7. 



Proof. Clearly 



e{ail){r) / q) gc(i{ip)q ''('=+ 



l<r<g 
{Wr+b,q)=l 



^ e(aV'(r)/g) = ^e(a?/^(r)/g) ^ /i(ci) 

d\{Wr+b,q) 



l<r<q 
{Wr+b,q)=l 



r=l 



where /i is the Mobius function. Note that d \ {Wr + h) =^ {d, W) = 1 since 
{W, b) = 1. Hence 

e{a^{r)/q) = ^ fi{d) ^ e(a^(r)/g), 



l<r<q 
{Wr+b,q)=l 



d\q ^<r<q 
exists r=bii (mod d) 



where I < < d is the integer such that Wb^ + 6 = (mod d). 
1 

For those d < g with bd exists, we have 

q/d-l 

e(aV'(r)/g) = e{aip{dr + bd) /q). 



l<r<q 
r=bd (mod d) 



r=0 



Write 



j=0 



^P(dr + bd)=Y' 
1=1 

k k 
j=0 i=j 

=a\r^ + ^r''"' H h a'^r + a'^+p 



J/ 
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Notice that 



(g, a'l, . . . , 4) = (g, d''ai, 4, • • • , a'^) < d^iq, ai, 4, . . . , a'^). 



Also 



a'2 = d ^(a2 + kaihd). 

Therefore 

(g, ai, 4, . . . , a'fc) = (g, ai, ^''"^02, . . . , 4) < ci^"^(g, ai, 02, ... , 4). 
Similarly, we obtain that 

^ fc(fc+i) 
(g,ai, . . . ,a^) < d 2 (g, ai, . . . , a^). 



Thus by Lemma [2.5[ 

q/d-l 



^ e{ailj{dr + hd)/q) <^,{q/d,a[, . . . ,4) 



r=0 



q/d 



{q/d, <,...,<) 



l-e ,1-e 



<(g,a;,...,afe) ^ * ^g^ " 



On the other hand, clearly 



q/d-l 

^ e{aip{dr + &d)/g) 

r=0 



1 1 

< - < q k{k + l) 

d 



when d > q'i^U^ . Thus 



e{a^{r)/q) 



l<r<q 
iWr+b,q)=l 



< Yl Yl e{aip{r)/q) + ^ Yl e{aij{r)/q) 



l<r<q 

d\q, d<g'=(fe+i) r=bd (mod d) 
and exists 



l<r<q 

d\q, d>q''(k+l) ^^^^ (^^^ ^) 

and b^j exists 



■CeC?(g)(gcd(V')Vg^ 'fc' + 2{fc+i)+gl M^+i) ) 



<egcd(^)g^ wry' 
where d{q) is the divisor function. 

Lemma 2.8. For any A > 0, there is a B = B{A, k) > such that, 



N 



Y,\w{x)e{atlj{x)) <B N{logNy 



x=l 



provided that \a — a/q\ < q with 1 < a < g, (a, g) = 1 and (logN) < q 
ip{N){\ogN)-^. 
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Proof. At least Vinogradov had dealt with the case il){x) = and W = \ m 
The proof of this Lemma is very standard but too long, so we give the detailed 
proof as an appendix. □ 

Lemma 2.9. 



N 



x=l 



da <p gcd{il))i){N) 



p-i 



for p > k2''+^ + 1. 

Proof. Without loss of generality, we assume that gcd{ip) = 1. Let B > 2p he a 
sufficiently large integer satisfying the requirement of Lemma 12.81 for A = 2p. Let 

^a,g = {aeT: \aq-a\< (logiV)2^/V^(iV)}, 971 = |J 27l„,, 

l<a<g<{logAf)^^ 
(a,g)=l 

and m = T \ 

If a G m, then there exist (logA^)^^ <q< ip{N){\ogN)^'^^ and 1 < a < g with 
(a, g) = 1 such that \a — a/q\ < g^^. By Lemma [2.81 



x=l 



for A^(log A^) fe <y<N. Therefore 



N 



il)^{x — l)Xb^w{x)e{ail){x)) 

x=l 

N 



N-l 



<ip^{N -1) 



x=l 

N 



y=l 



x=l 



x=l 



J2e{a4^{x))X,M^) + Yl 1)2/1 



l<y<N(logNy~ 



N{\ogN)~^<y<N 

<B^(Ar)(logAr)-2^ 



x=l 
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Let L = [(p — 1)/2J, then we have 

N p 
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N 



x=l 

«B(V'(iV)(logiV)-'0''"''' 

«LV^(iV)''"'''(l0giV)-2P 

Noting that 

''^^ip^{x — l)\h,w{x)e{aip{x)) 



da 



il)^{x — l)\b^w{x)<^{oiil){x)) 

x=l 

^ip^{x - l)\w{.x)e{ailj{x)) 



2L 



da 



x=l 



da 



x=l 



2L 



da 



2L 



l<Xi,...,X2L<N j = l 

■4>{xi)A \-i>{xL)='4>{xL+l)-\ \-i>{x2L) 



2L 



<(log(l^iV + 6))2^ J2 ll^^{x,-l) 

l<Xi,...,X2L<N j = l 

l/'(xi)H \-i}(xL)=1p(xL+i)A hi'(x2L) 

2L 

da. 



<L(logAr) 



2L 



ip^{x — l)e{a4'{x)) 



x<N 



so using Lemma [2.61 we have 

^'^{x - l)Xb,wix)e{aij{x)) 

x<N 

If a G 9?la,g, then by Lemma [22] 

i^^ix - l)Xb,w{x)e{ai}{x)) 

x<N 

m) 



da <L ij{N)P-\\ogN)-P. 



^ e{ai){r)/q) ^ i)^{x - l)e((a - a/g)^(x)) 



l<r<q 
{Wr+b,q)=l 



x<N 



+ 0(^(Ar)^(logiV)-'^). 
In view of Lemma [2.71 letting e = {k + 2)~^ 



l<a<iJ<(logA')'^ 
(a,q)=l 



mq) 



^ e{a^{r)/q) ^ q 

l<9<(logiV)-S 



l<r<g 
(VKr+fe,g)=l 
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Applying Lemma flM we concludes that 

p 



x<N 



da 



l<a<9<(logiV)-^ 
(a,g)=l 



{Wr+b~q)=l 



da + 0(mes(OJl)7/;(A^)^(log A^) 



-TB\ 



< 



l<a<'?<(logA^)-^ 
(a,g)=l 



m) 



^ e(aV'(r)/g) 



l<r<q 
{Wr+b,q)=l 



■ I '^^^ip^{x — l)e{ail){x)) 



c/a + 0(^(iV)''-^(logA^) 



□ 



Lemma 2.10. Suppose that ip is positive and strictly increasing on [1,A^]- Let 
P > be a prime. Then 



p N 



P r=l z=l 



<p gcd(V')^(Ar) 



p-i 



for p > k2^+'^ + 1. 



«,j9 / \fm"de 



Proof. We require a well-known result of Marcinkiewicz and Zygmund (cf. [TTl 
Lemma 6.5]): 



reZp a— 1 

for arbitrary function / : Zp = Z/pZ ^ C, where 

/>) = E/(^)eMa;) 

Define 



— 1)\t^{z) if X = Tpi^z) where 1 < z < N , 
otherwise. 
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Then 



N 



Y.^''{z-l)\w{z)e{-^{z)r/p) 

reZp 2=1 

p 



reZp 



x=l 

p 



N 



a;)e(— x6') 



rf0 



de 



«,gcd(v^)pV^(iV)^-\ 

where Lemma 12.91 is apphed in the last inequahty. 

3. Proof of Theorem 11.31 
Clearly Theorem 11.31 is a consequence of the following theorem: 



□ 



Theorem 3.1. Suppose that k > t > 1 are integers, ak-t+i is a non-zero integer 
andO <6 <1. Letil){x) = aix^ + a2x'^~^ + - ■ ■ + ak-t+ix'^ be an arbitrary polynomial 
with integral coefficients and positive leading coefficient. Then for any positive 
integer W , there exist N{6, W, ip) and c(5, ak^t+i) > satisfying that 



min \{{x,y,z) : x,y e A, z e Ki,^,x - y = i){z)}\ > c{S, ak^t+i) 

AC{l,2,...,n} (p[W)logn 

\A\>5n 

ifn> N{5,W,%1)). 

Remark. We emphasize that in Theorem 13. II the constant c(5, ak-t+i) only depends 
on fc, (5, Ok-t+i- As we will see later, this fact is important in the proof of Theorem 

Ol 



Proof. Similarly as Tao's arguments [2S] on Roth's theorem [12], we shall make an 
induction on 5. Suppose that P{5) is a proposition on < 5 < 1. Assume that 
P{5) satisfies the following conditions: 

(i) There exists Q < 5q < 1 such that -P(5) holds for any 5q < 5 < 1. 

(ii) There exists a continuous function t{5) > such that 6 + e{6) < 1 for any 
< 6 < 6o and P{6 + e{6)) holds implies P{S) also holds. 

(iii) If < 6' < 6 < 1, then P{6') holds implies that P{6) also holds. 

Then we claim that P{S) holds for any < 6 < 1. In fact, assume on the contrary 
that there exists < 5 < 1 such that P{S) doesn't hold. Let 

S* = limsup 6. 

0<5<1 
P{5) doesn't hold 
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From the condition (i), we know that 6* < 60. Since 6 + e(5) is continuous, there 
exists < Si < S* such that 

\{6* + e{n)-{6i + e{6i))\<K{n 

i.e., < 5i < 5* < 61 + e{6i) < 1. Hence P{6i + e{5i)) holds but P{5i) doesn't 
hold by the definition of 6*. This is obviously leads to a contradiction with the 
conditions (ii) and (iii). 

Suppose that A is subset of {1,2, ... ,n} with \A\ > 6n. Firstly, we shall show 
that Theorem 13.11 holds for 5 > 3/4. Define 

rM/,^(A) = \{{x,y,z) : x,y e A,z e Ai^w,x- y = i'iz)}]. 

Clearly 

1 -1 
1 WnkUi * 

whenever n is sufficiently large (depending on the coefficients of And for any 

l<z< n/3, 

\{{x,y) : x,y e A,x-y = z}\ =\An{z + A)\ 

=2\A\ - \A[J{z + A)\ 

2 ■ 3n An n 
-~ 3" ~ 6' 

Hence 



1 Wn^+^a, " 



2Ak logra 

Now we assume that 6 < 3/4. Let e = e{6,ak-t+i) be a small positive real 
number and Q = Q{S, ak-t+i) be a large integer to be chosen later. We shall show 
that if Theorem 13.11 holds for 6 + e, it also holds for 6. Define 

V^g(x) = V^(gx)/g* = aiq^-^x^ + ■■■ + flfc-t+ix*. 

By the induction hypothesis on 5 + e, for any 1 < q < Q 

/ A\ ^ + ^k-t+i) Wq n^+-^(aig'=~*)-i 

mm rwq,'4,^{A) > 

Ac{i,2,...,n} ^'^^ 2 4>{Wq) logn 

\A\>{S+e)n 



provided that 



n> max N{6 + e,Wq,ipg). 
i<<?<<9 



Let Am{b, d) denote the arithmetic progression {h,h + d, . . . ,h + {m — l)d}. Sup- 
pose that 

n > max{e'^(l'^il+-+l"'=-'+il)^'"*, lO^'^Q* max N{6 + e, Wq, t/jg)} 

and A C {l,2,...,n} with \A\ = 5n. Let m = [lO^^eQ^'nJ . Observe that 
\{h : x,y E Am(6, < m for every pair {x,y). Let 

Ab,gt = {1 + (x - 6)/g* ,xeAn Am{b, g*)} C {1, 2, . . . , m}. 
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Clearly if x', y' e A^^qt and z' G I^i^wq satisfy that x' — y' = ipq{z'), then 

x^b+{x' - l)q\ y^b+{y' - e A, z'qe Ai^w 
and X — y — -^{z). So if there exists 1 <q <Q such that 

\{l <h <n — mq* : | > ((^ + > en, 



then 



lit 

l<b<n—mq^ 

c{6 + e, ttk-t+i) Wq mTi{aiq^~^y 



>en 



> 



2 logm 

1 1 -i 

c(5 + e,afc_t+i)e^+i Wn^+ka^'' 



400g 0(H/)logn' 
So we may assume that 

|{1 < 6 < n-mg* : |^n A^(6,g*)| > {S + e)m}\ < en (3.1) 
for each 1 < q < Q. Let 

M = max{x e Z : i/j{x) < n}. 
Clearly M = n^a^ (1 + o(l)). We shall show that 

/ f J^lAe(Q;x) -5"^ ^e{ax) j( ^ ^/^^(z - l)Ai,M/(^)e(Q;V'(^)) jc^o; 

•'^ \ x<n \ ■,<^M ' 



x<n 



z<M 



is relatively small. 
For 1 < q < Qi define 



a,q 



{a : \a — a/q\ < -q *m ^}. 



Let 



U ^«.<^' 



l<a<'?<Q 
(a,'?)=l 



and let m = T \ SDX. Let 5 be a sufficiently large integer. For \ < q < (logM)^, 
define 

971* = {a : \aq- a\ < (log M)^/^(M)}. 



Let 



SOT* 



U 



9Ji; 



l<a<g<(log M)S 
(a,q)=l 



and let m* = T\9Jl*. 

Suppose that a E m. We know \aq — a\ < (logM)-^/^(M) for some 1 < a < g < 
V'(M)(logM)-'^ with {a,q) = 1. If a e m*, i.e., q > (logM)^, then \a-a/q\ < q'^ 
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and (logy) 2 < ■?/;(?/) (logy) 2 for any M(logM) '^^ <y < M . So applying Lemma 
12.81 and a partial summation, we have 

^^(^ - l)Kw{z)e{a^{z)) <B ^(M)(logM)-i < n(logM)-\ 

z<M 

whenever B is sufficiently large. 

Now suppose that q < (logM)^, i.e., a G OJt*. Applying Lemmas 12.21 and 12.31 
we have 



z<M 

m) 
'mq) 



Y e{a^{r)/q) ^ i)^{z - l)e((a - a/q)^l){z)) 



l<T<q 
{WT+l,q) = l 



z<M 



+ 0(^^(M)M(logM)-^^ 



0(iyg) 



e{a^{r)/q) ^ e((a - a/g)z) + 0(^^(M)M(log M)" 



4B\ 



l<r<q 
{Wr^l,q)=l 



z<n 



Since a G m, either q > Q or \a — a/q\ > -^q *m ^ 
If g > Q, then in light of Lemma [2.71 



Y e{aij{r)/q) < ^ e(aV'(r)/g) 



(iyr+l,q)=l 

And if \a — a/q\ > ^q"^m'^, then 



l<r<ij 
iWr+l,q)=l 



^e((a - a/g); 



2=1 



1 — e{{a — a/q)n) 



< 47rg*m. 



1 — e{a — a/q) 
Hence for a G m 

Y ^^{^ - l)Kw{z)e{aij{z)) < Ci\ak-t+i\Q'^^n + AumQ' + 0(n(logn)-^). 



z<M 



Suppose that a G 971. Let r = 1^ — 5 where 1a (a^) = 1 or according whether 
X G A or not. Let 

m— 1 

S{a) = e(ac) 



c=0 



and 



T(a) = ^r(6)e(a6). 



b=l 
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Then 



n m—1 



S{aq')T{a) = r{b) ^ e{a{b + cq')) 

6=1 c=0 
n— mg* 

= e{a{h+{m-l)q'))Y^T{h + cq') + R{ 



m—l 



6=1 c=0 

where |-R(«)| < 2m^g*. When \aq^ — ag*^^| < |m" 



2"" ' 



\S{aq')\ = \S{aq' -aq'-^] 
Hence for a G Tla^g, 



1 — e[m{aq^ — aq^ )) 



1 — e{aq^ — aq*~^] 



m 
> —. 

IT 



m\T{a)\ < 7r\S{aq')T{a)\ < tt 
Notice that 



n—mq 



m—l 



J2 e{a{b+{m-l)q'))J2rib + cq') 



6=1 



c=0 



+ n\R{a) 



\{1 < b < n — mq^ : x G Am(6, g*)}| < m, 
and the equahty holds ifl + (m— l)g*<x<'ri — mg*. It follows that 

n—mq^ n—mq* 

m\A\> J2 \AnAUb,q')\ = J2 Yl lA™(M*)(a;)>"^l^|-2mV 



whence 



6=1 



71— mq 



x£A 6=1 



^ (|AnA™(6,g*)|-(5 + e; 



6=1 



< enm + (2 + 5)m q . 



By the assumption (13.11) . we have 



^ (|An A„(6,g*)| - (5 + e)m) < en{l-5)m. 



l<b<n—mq* 
|AnA™(6,g*)|>(<5+e)m 



It follows that 

n—mq* 



n—mq 



\\AnA^{b,q')\-6m\< Y ||^nA^(6,g*)| -((5 + e)m| + 



enm 



6=1 



6=1 



<2 Yl (|AnA^(6,g*)|-(5 + e; 



l<b<n—mq* 
|AnA,„(6,g*)|>(<5+e)m 



+ 



n—mq 



Y {\AnAUb,q')\-{6 + e)m) 



6=1 



+ enm 



2„t 



<Aenm + 4m g 
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|T(a)| < 



TT 



n—mq^ 
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m—1 



J2 e(a(6+(m-l)g*))$^r(6 



cq 



6=1 
n—mq^ 



c=0 



J2 PnA^(6,g*)|-5m|+2mV) 

6=1 ^ 

<47ren + GirmQ^ 



I.e., 



l^(x)e(ax) — 6 e( 



ax 



x=l 



It is easy to see that 



x=l 



\x\'^ - Ivl'^'l < \\x\ - \y\\p{\x\ + \y\ f " < 4|a; - ?/| p " + \y\^ ") 



< 16en. 



for any p > 2. Let p = A;2^+^. Then 



x=l 



2\ / M 



J \^ ^lA(a;)e(ax) —5^ ^e(ax) J (^^^^'^^(-^ ~ l)-^i,iy(-^)'^('^'^(-^)) 

n 



z=l 



<4(16era)p 



El 



x=i 



+ P 



e ax 



x=l 



2-^ 



M 



^ip^iz - l)Xi^wiz)e{a'ijj{z)) 



2 = 1 



da. 



By the Holder inequahty, 



an 



ax 



< 



x=l 
n 

lA(x)e(ax) 



A/ 



z=l 
2 \ 1- 

da 



da 



'^ip'^i^z - l)Ai,H^(2;)e(a^(2;)) 

A/ 

^ip'^i^z - l)Ai,H^(2;)e(a^/'(z)) 



z=l 



2:=1 

Applying Lemma F2. 91 

M 

- l)Ai,iy(z)e(a^/'(z)) 



da 



2 = 1 



rfa < C2\ak-t+i\i^{M) 



p-i 



Therefore 



2-^ M 



lA(x)e(ax) ^ ^^(-2 — l)Ai,vK(2:)e(a'?/'(z)) 



x=l 



2 = 1 



da 



<C^\ak-t+i\''\{Sn)^ "n " 
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Similarly, 



» n 

/ ^ 



eiax 



2-- 



M 



'Y^ip^{z - l)\i,w{z)e{aij{z)) 



z=l 



da < C2 \ak-t+i \ 



It is concluded that 



x)e{ax) 



n 2\ / M X 

e{ax) ji^i>^{z - l)Xi^w{z)e{ai!{z)) j da 

x=l ' ^ z=\ ^ 



Now we have shown that 
2 



\ f ^lAe(Q;x) -5^^e(Q;a;) \y^i\)^{z -\)\x^Jv{z)e{al\){z))\da 
<(2Ci|afc-t+i|Q"^^^n + 57rmQ*) / ( ^ lAe(Qx) +5^ ^e(ax) J da 



1 2 1 1 



On the other hand, we have 



» n 2 / M 



l<x,y<n 
l<z<M 
x—y=il>{z) 



l<x,y<n 
M/4+l<2<M/2 
x-y=il}(z) 

M 



> — (n - '0(M/2))V'^(M/4). 



It follows that 



„ ft Z /■ IVl N 

/ lA(a;)e(Q;a;) ( ^^(2; - l)Ai,H^(2;)e(Q;V'(2;)) ) da 
/ V^e(aa;) ( ^^ ^^^^(2: — 'V)\\y/{z)e{a'^{zy) \ da 



- 4Ci I afe_t+i I Q '=('=+2) - e^r? - IGG^ | Uk-t+i | ^ e ^ 5^ ^ n' 



4fe+i 



>- 



1 2 1 1 
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Let e = 4~^''+^^P6'i^C~^\ak-t+i\-^2 and 
Therefore 

\{{x,y,z) : x,y e A,z e Ai^w,x- y = i^iz)}] 



> 



ijj^{M) \og{WM + 
W6^ n^+iai 



^ -^"^ X = l ^ 2 = 1 



-4'=+2fc0(Vr) logn ■ 
This concludes our desired result. □ 

Finally, let us briefly discuss the bound in Theorem II .31 Let Rw,tp{S) be the least 
integer n such that for any A C {1, 2, . . . , n}, there exist x,y E A and z G Ai^w 
satisfying x — y = -ipiz). In our proof, we choose e = e{5) = 0\af,_t\{5'^'^^^^) and 
Q = Q{5) = 0\at,_t\i5~'^''''^^). So the iteration process 5^5 + e{5) will end after 
0\a^_,\i6'^'^^^^) steps. Also, clearly for 5 > 3/4, 

RwA^) < (kil + ■ ■ ■ + \ak_t\){mm{p : p G Ai,h/})^ 

Notice that when the iteration process ends, W will become l^^Q*^'"*'-''^^ and 
will become ajQ'^'"*"*'*''' Hence we have 

RwA^) < exp(0^,„,...,,,_,(5-^i"-*i('"°^'''))), 

since min{p : p E Ai^vi^} < e'^^^\ In other words, if a subset A C {1,2, ... ,n} 
satisfies \A\ > OvK,ai,...,afe_t('T-/ log log logn), then there exist x,y E A and z G Ai^i^ 
such that X — y = ipi^z). Of course, this bound is very rough. And we beheve that 
it could be improved using some more refined estimations (e.g. [IH], [I], [IS], [TT] . 

m)- 

4. Proof of Theorem 11.41 

Write ip{x) = aix^ + a2X^^^ + ■ ■ ■ + a^-f+ix* where au^t+i 7^ 0. Let 5 = d-p{P). 
Since dp{P) > 0, there exist infinitely many n such that 

4(5 n 

Pn[i,n] >-■- . 

5 log n 

Define 

w{n) = max{w < log log logn : n > 16W{w)N{6,yV{w),4'w{w))}, 
where N{S, W, ip) is same as the one defined in Theorem 13. II and W{w) = Y[ p<w P- 

p prime 

Clearly lim„^oo = oo. Let w = w{n) and W = W(w). Then 

2 log n 2 5 

logo; > logo; > — ^ — (|P fl [1, nj | — ns ) > - ■ n. 

xePn[i,n] xePnfni nl 
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Hence there exists 1 < b < W* with {b, W) = 1 such that 

xePn[i,n] ^ 

x=b (mod W*) 

Let 

A = {(a; - b)/W' : a; G P n [1, n], x = 6 (mod W*)}. 

Let be a prime in the interval (2n/>V*, 4?t,/>V*]. Define At^wt^Ar = Xb^wt/N and 
a = l^Ab wt^Af. Then 



0(W*) 6n 6 



> -. 



WN 20(W*) - 8 
Let 

^^(x) = V^(Wx)/W* = aiW^~'x^ + ■■■ + ak-t+ixK 

Clearly is positive and strictly increasing for 1 < z < M, whenever W is 

sufficiently large. 

Below we consider A as a subset of Zat. Let M = maxj^; G N : ipwiz) < N/2}. 
If x,y G A and 1 < z < M satisfy x — y = ipw{z) in Z^r, then we also have 
X — y = ip-i^lz) in Z. In fact, since 1 < x,y < N/2 and 1 < z < M, it is impossible 
that X — y = ipyi;{z) — iV in Z. For a function / : Z^r — > C, define 

/>) = 5Z /(a;)e(-a:r/iV). 

Lemma 4.1 (Bourgain [3], [5] and Green pjj). Suppose that p > 2. Then 

J]|S(r)r<C(p), 

r 

where C{p) is a constant only depending on p. 

Proof. See pT| Lemma 6.6]. □ 
Lemma 4.2. 

M p 

$^^w(^-l)Ai,wwWe(-^w(^)r/iV) < C"(p)|a,_t+i|iV^. 

provided that p > k2'^^^ , where C'{p) is a constant only depending on p. 

Proof. This is an immediate consequence of Lemma [2.101 since gcd('?/'>v) < |afc_t_|_i|. 

□ 

Let rj and e be two positive real numbers to be chosen later. Let 

R = {r eZN : a{r) > r]} 

and 

5 = {r G Zjv : ||xr/A^|| < e for all r G R}. 
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Define (3 = 1b/\B\ and a' = a* (3 * f], where 

f*g{x) = ^ f{y)g{x-y). 

Let g = fc2^+3. 
Lemma 4.3. 

^ {a{x)a{y) - a{x)a{y))'ilj^{z - l)Xi^wwiz) < C{e^r]~i + r]~e). 



l<z<M 
x-y=ij}yv{z) 



Proof. It is not difficult to check that 



l<z<M 
x-y=tpY^{z) 



1 / \ 

= — ^ a{r)a{-r) { ^ ^^{z - l)\iy^w{z)e{-iJw{z)r / N) \ . 

r&N ^ 2=1 ^ 

Also, it is easy to see that (/ * g)~= fg- Then 

^ a'{x)a'{y)'ilj^{z - l)\i^wwiz) - ^ a{x)a{y)'ilj^{z - l)Xi^wwiz) 

x,y&N x^y^'Lfj 
l<z<M l<z<M 
x-y=ipw{z) x-y=ipw{z) 

M 

i,wwiz)e{-^pw{z)r/N) 



- J2 ~a{r)~a{-rmrfk-rf " 1) ( ^^^(^ " 

reZ« ^ 2=1 



If r G -R, then by the proof of Lemma 6.7 of [H], we know that 

|/3(r)2^(-r)2-l| <2i'^e2. 
And applying Lemma [2.21 with a = a = g = 1, 

M M 

J] ^^(z - l)Ai,>viy(^) = - 1) + 0(^^(M)Me-'=^^) < 2^i^(M) 

2 = 1 2 = 1 

Therefore 

^ M 

Y,~<rya{-r)0{rfh-rf - 1)( $^^^(^ - l)\l,^^w{z)e{-i,^^{z)r / N) 

r&R ^ 2=1 

M 



rS-R 

<2iVV^w(M)|i?|. 



2 = 1 
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In view of Lemma [4.11 with p = 5/2, we have \R\ < C"rj~i . On the other hand, by 
Holder inequahty, 

, M 

Y^~a{rYa{-T)0{Tfh-rf - 1)( ^^^^(^ - l)\y,w{z)e{-i,^{z)T / N) 

r^R ^ z=l 

f 2 - \ ^ / ^\ 

<2sup|S(r)|i( J]|ci(r)|^ ' [Y^ ^ 7/^^(2; - l)Ai,wiyWe(-V^w(^)r/iV) 

where in the last step we apply Lemma [4. II with p = {2g — 1) / {g — 1) and Lemma 
14.21 with p = g. All are done. □ 

Lemma 4.4. //e''^' > 21oglogw/w, then \a'{x)\ < 2/N for any x E Z^v- 

Proof. See pTl Lemma 6.3]. □ 

Let A' = {xeZn ■■ a'{x) > j^SN-^}. Then 

whence |A'|/A^ > 5/32. Let A[ = A' n [1, (A^ - l)/2] and 

A'2 = {x - (A^ - l)/2 : xeA'n[{N + l)/2, A^ - 1]}. 

Clearly there exists i G {1,2} such that |A^|/A^ > 5/64. Without loss of generality, 
we may assume that |A']^|/A^ > 5/64. Applying Theorem 13. we know that 

\{{x,y,z) : x,y e A[, z e Ai,ww n [l,M],x - y = ipwiz)}\ 

^ /r/.. ,^^w{N/2Y+^alW''-'y-^ 

0(W)logiV • 

Let c' = ^c{6/64:,ak-t+i)- Clearly 

\{{x, y,z): x,ye A[, z e Ai,ww n [1, c'M], x-y = 4jw{z)}\ < J^^^i^Jm ^' 



Therefore 



> 



\{{x,y,z) : x,y e A[, z E Ai^ww H {c' M, M], x - y = ipyviz)}\ 

c(5/64, ak-t+i) WWN^+-^ (ai W^-*)~^ 
8 0(WW^)logA^ 
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It follows that 



x,yeA[ 
l<z<M 
x-y=iljyv{z) 



^ c{5/U,ak-t+i) '^WN^+-k {aiW^-')--k M)(I){WW) log M 



(t){WW)\ogN 2WW 

64 



So 



l<z<M 



x,y&&N 
l<z<M 

x-y=il)w{z) 

x,yeA{ 
l<z<M 
x-y=tpw{z) 

>c"(5,ak-t+i)-C{e'r)--^+ri-^). 

Finally, we may choose r],e > satisfying e'-^"'^ > 21oglogw/w such that 
C(e^r^~t +r]e) < c"(5, afc_t+i)/2, whenever w is sufficiently large. Hence 

J2 aix)a{y)i^^{z - l)X^,n>w{z) > "^^"^^^^ > 

l<z<M 
x-y=-^yv{z) 

for sufficiently large N. □ 



Appendix: Exponential Sums on Polynomials of Prime Variables 
Lemma 4.5. 

N 

Y,dl{x)<^N{\ogNf-\ (4.1) 

x=l 

where 

dk{x) = |{(ai, . . . , Ofe) : Oi, . . . , e Z+, oi • • • = 
Let K = 2^-^ 
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Lemma 4.6. Let ip{x) = aix^ + a2X^~^ + ■ • ■ + a^x he a polynomial with real 
coefficients and ai G Z+. Then 



^ 2 \ K 



l<x<V ^ ^ S/=l ^ ^ 

(4.2) 



/or an?/ rea/ a. In particular, if \a — a/q\ < q ^ with (a, g) = 1, t/ien 



5^ e{a^Pix))<^v(v-^+al-i\ogia,qV))^(^-^ + ^ + -^ (4.3) 



l<a;<y 



Proo/. Define the intervals Ij{V; hi,..., hj) by Ii{V; hi) = [l,V]n[l - hi,V - hi] 
and 



Ij+i{V; hi,..., hj+i) = Ij{V; hi,..., hj) n {x : x + hj+i E Ij{V; hi,..., hj)}. 
For j > 1, we know (cf. [27] [Lemma 2.3])that 



l<x<V 



2J 

J2 <ai,{x)) <{2Vr-^-' Yl UV-hi,...,h,„ 



-V<hi,...,hi<V 



where 

Tj{V;hi,...,hj)= ^ e{Aj{aip{x);hi,...,hj)). 

x(^Ij{V;hi,...,hj) 

In particular, 

Tk-iiV;hi, . . . ,hk-i) = ^ e{ahi- ■ ■hk-igk-iix;hi, . . . ,hk-i)), 

xeIk-i{V;hi,...,hk-i) 



where 



gk-i{x; hi,..., hk-i) = k\ai{x + (/ii H h hk-i)/2) + {k - l)\a2. 
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Therefore 

e(Q;7/;(x)) 

l<x<V 

e(Q;A;!ai/;.i ■ ■ ■ /ifc-ia;) ) 



-y</ii,...,hfc_i<v 



-y</ii,...,hfc_i<v 



i<i/<v'=-i ^ i<i/<v*-i ^ ^ 

1 j_ 

i<y<v'=-i ^ 
Finally, if |q; — a/q\ < with (a, q) = 1, then by Lemma 2.2 of [27J, we have 

^ min{r,||aA;!aiy|ri}< mm{k\a^V' /y,\\ay\\-'} 

i<j/<yfc-i ?/=i 

<A;!airMog(2A;!aiV'=g)(i + ^+ ^ 



We are done. □ 

Lemma 4.7. Suppose that ip^x.y) = J2i<i j<k+i^ij^''~^~^^y''~''^^ '^^ ^ polynomial 
with real coefficients. Suppose that an e Z+ and ai2 = 0. T/ien 



1<X<1/ 



Y e(a^(x,y)) 
i<y<v 



(4.4) 

provided that \a — a/q\ < with (a, g) = 1. 
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Proof. Write il){x,y) = Yl^=i'^j{^)y''~'^^^- Then by Holder inequality we have 



l<x<U 



i<y<v 



K 



•C^^ ^ ^ e{ahi - ■ ■ hk-^igk^i{x,y]hi, . . . ,hk^i)) 



l<x<U \hi\,...,\hk-i\<V 

y&Ik-i{V;hi,...,hk-i) 



kV^ ^( Y E e{ahi---hk-igk^i{x,y;hi,...,hk^i)) 



|/ii|,...,|hfc_i|<y 

i/G/fe_i(V^;/ii,.--,/ifc-i) 



where 



gk-i{x,y; h, . . . , hk-i) 
=k\ij,{x){y + {h, + --- + /ife_i)/2) + {k- l)!^2(x). 

Note that deg'?/'2 < k — 1 since ai2 = 0. Thus applying Lemma [4.61 



e(a/ii ■ ■ ■ hk-igk-i{x, y;hi,..., hk-i)) 

<x<U 



K 



,,2 .- 



2 I Y^ niin{?7, ||a;(A;!)^aii/ii ■ • • /ifc-ilZ-^ll ^} 

l<z<C/'=-i 



provided that /ii ■ ■ ■ hk-i 7^ 0. So 



|/ii|,...,|hfe_i|<V 
ye/fc_i(V;/ii,...,/ife_i) 



^ ^ e(a/ii---/ife_i5(fe_i(x,?/;/ii,...,/ifc_i)) 



l<a:<i7 



K 



\h^l...^hk-l\<v 
hi—hk-1^0 

i/e4_i(V;/ii,...,hfe_i) 



<f/^F'= 1^ J2 e{ahi---hk^igk^iix,y;hi,...,hk-i)) 



l<x<U 



K 



«(log[/)'%^[/^-t ( E min{[/,||a(A;!)Vi/^i---/^fc-i2/^ir 



|hi|,...,|/ifc_i|<y M<z<c/'='- 

?/e/fc_i(V;hi,...,/ifc_i) 
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Furthermore, 



J2 ( E ^HUAHklfanh---hk-iyz\\-'}\ 



\hi\,...,\hk-i\<V ^l<z<U*= 
/il---/n._i^O 
2/e/fc_i(V;/ii,...,/ife_i) 



«^'( E E niin{C/,||a(A;!)Vi/ii---/ifc-iy^ir'}) 



\hil...,\hk^i\<V l<z<U^-'^ 
hi--hk-i^O 
l<y<V 



anz\\ } 

■ l<z<!7'=-iy'= 



l<z<U''-W^ ^ l<z<[/'=-iy'= ^ 

1. 

^ l<z<(fe!)2oii(7'=-iy*: ^ 

1 

3fe fc ^ ^ ^ ^ fe2+2fc L k k , , 1 O \* 

«V^UHlog{UV))^ . at,UWHlog{auqUV)r^ (g + C7 + M^^^CW j " 
All are done. □ 

Lemma 4.8. Suppose that ip{x,y) = XIki j<fc+i ^'^ a polynomial 

with real coefficients. Suppose that an e Z+ anc? ai2 = 0. T/ien 

!7<x<2!7 l<j/<y/a; 

(4.5) 

provided that \a — a/q\ < with (a, g) = 1. 
Proof Write ^^(2;,?/) = Y.']ll^jix)y''~^^^- And let 

Tfe_i(x,(5;/ii,...,/ifc_i) = E e{ahi---hk-igk-i{x,y;hi,...,hk-i)) 

yeIk-i{Q;hi,...,hk-i) 



where 



gk-i{x,y; hi,..., hk-i) 

--k\iPi{x){y + {hi + --- + hk-i)/2) + {k- ly.M^). 
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Then 



U<x<2U 



i<y<v/x 



^u<x<2U |hi|,...,|/ifc_i|<y/x ^ 

<U'-^V'-^( Yl E x'-^n-i{x,lV/x\;hu...,h,.,)y. 

^\hi\,...,\hk-i\<V/U U<x<2U ^ 
x<mini<i<fc yl\hi\ 

By an induction on j, it is not difficult to prove that Ij{Qi; hi, . . . ,hj) C 
Ij{Q2', hi, ... , hj) if Qi < Q2. Hence for any y, the set 

I{y;hi,...,hj) = {x : ye Ij{[V/x\; hi, . . . , hj)} 

is exactly an interval. Then 

x''~^Tk-i{x]hi, . . . ,hk-i) 

U<x<2U 
l<a:<mini<i<fc V/\hi\ 

= Y X] x^~^e{ahi---hk-igk-i{x,y]hi,...,hk-i)). 

yeIk-i{V/U-M,-,hk-i) U<x<2U 

l<z^mmi<i<fc V/\hi\ 

x£l{y;hi,...,hi:_i) 

By Lemma [4.61 we know that 

Q2 

Y x^~^e{ahi ■ ■ ■ hk-igk-i{x, y;hi,..., h^-i)) 

x=Qi 

Q2 

=Q\~^ Yl, ^("^1 ■ ■ ■ hk-igk-lix, y;hi,..., hk-i)) 

x=l 

Qi-i 

- Qi~^ X] ■ ■ ■ ^k-igk-i{x, y;hi,..., hk-i)) 

x=l 

Q2-1 X 

- 5^ ((X + 1)^-^ - X'^-^) Y ■ ■ ■ hk-igk^i{x, y;hi,..., hk^i)) 

X=Qi x=l 



^ ^ 2 \ if 



min{Q2, ||a(/i;!)^aii/ii • ■ ■ hk-iyz\\ ^} 



2=1 
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Therefore 



J2 x''-''Tk-i{x;hi,...,hk-i] 



\hi\,...,\hk-i\<V/U U<x<1U 

l<a;<mini<j<j, V/\hi\ 



\hi\,...,\hk-i\<V/U l<y<V/U 
hi—hk-i^O 



1 j_ 

2 \ K 



+ C/t(logC/)*%^ ( Yl ^i"^2C/, \\a{k\fanh ■ ■ ■ h^,yz\\-'}] 

^ l<z<(2C/)'=-i ^ ^ 

H E ( E rmn{2U,\\a{k\fauhi---hk-iyz\\-'}^ 



\hi\,...,\hk-i\<V/U l<y<V/U ^ l<2<(2!7)'=-i 
hi---hk-i^O 



Also, 



E E f E ^H^U,\\a{k\yanh,---hk-iyz\\-'} 



\hx\,...,\hk-i\<V/U l<y<V/U ^ l<2<(2[/)'=-i 
fei---fefe_i^O 



E E E ram{2U,\\a{k\)Whi---hk-iyz\\ 

\|J,.I If,. .\^-\//TT T^^.^l^/TT T^~^/nTT\h.-l 



\hi\,...,\hk-i\<V/U l<y<V/U l<z<{2U)k-i 
hi---hk-i^O 



<V^U-^( Yl dk+i(z)mm{2U,\\a(k\)''aiiz\\-^}Y 

^ z=l ' 

^ i<z<2'=-iyfcf7-i ^ 



4 
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It follows that 



U<x<2U l<y<V/x 



3fc-'-2fc+l 



+ alV'{\og{anqUV))^ 



1 1 q 

+ 77 + 



1 j_ j_ 

4 \ k\ K 



11 ^ 1 3fc'^ 2A;-I-1 / I 1 

<y ( f/if + + +aiY^(log(angt/V)) - + 77 



q U anV^ 



1 

4iP 



□ 



From Lemma [4. 8[ it is easily derived that 



Yl Y 6^(3;, 2/)) 

Ui<x<U2 y<V/x 

f 1- 1 1„ 3fc2_2fc + l /l 1 

<Flogf/2 f/2^y-^ + f/i ^ + a«^(log(angf/2^))^^ 



q 



q f/i aii^'^ 



1 

4K^ 



(4.6) 



Lemma 4.9. Suppose that il){x,y) = XIk?, j<fc+i ^H-iy's i+i ^5 ^ polynomial 
with real coefficients and an, 021, . . . , 0^+1,1 G Z. //aiix'^+a2ia;^~^ + - ■ ■+ak+i,i 7^ 
/or each 1 < x <U , then 



Y Y ^("^(^'?/)) 



l<x<U l<y<V 



<^,Uv(v-T^UT^ + arf/2if (log(a,gf/V))^ f i + ^ + 



1 

2K 



(4.7) 



provided that \a — a/q\ < q ^ with (a, g) = 1, where a^, = \aii\ + |a2i| + ■ ■ ■ + 



Proof. Write tp{x,y) = Yl^=i'4'j{^)y'' Then by Lemma F4. 61 we have 



Y Y e(aV^(a;,y)) 

l<x<U l<y<V 

« Y v(v~^ + \Mx)\^{^og{\M^)\qV))^(l + ^+ ^ 



l<x<U 



q V IM^W' 



1 

2if 



<[/\/ +arf/^(log(a,gf/V))- 



(k-lf /I 1 (J 
' _ J L 

q V 



1 

2K 



□ 
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aijx'^ i+i ig a polynomial 



Lemma 4.10. Suppose that ilj{x,y) = X]i<ij<fc+i 
with real coefficients anc? an, 021, . . . , a.fc+1,1 G Z. If anx'' +a2ix'^^^ + ■ ■ ■+afc_|_i 1 7^ 
for each I < x < U , then 



e{aij{x,y)) 

l<x<U l<y<V/x 



<y(log[/)h/-i?f/^ +a^^f/^(log(a,gf/V))" 



(fc-i)^ / I U q 



provided that \a — a/q\ < with (a, q) = 1, where a* = |aii| + |a2i| + ■ ■ ■ + |afe+i,i|. 

Proof. Write ip{x, y) = Yl'j=i i^j{x)y^~^^^ . Now il)i{x) is a polynomial with integral 
coefficients. Hence by Lemma [4.61 we have 

Y Y e(Q;^(x,?/)) 

l<x<U l<y<V/x 



< ^ Va; M x"^ + (log(|^/'i(x)|gF))" 

l<a;<;7 ^ 

^V{\ogU){v-T?UT^ + apU^{\og{a,qU''V))^-^ 



(fc-i)^ / I a; 

+ TT + 



q V \^Iji{x)\V^ 



' _ J L 

q V 



□ 

Lemma 4.11. Let il){x) = aix^ + 02^'^"^ ■ ■ ■ + a^x 6e a polynomial with integral 
coefficients and ai G Z+. Let A > 1 anc? B > 32A;^(A;^ + Suppose that 

1 < VT, «! < (logK)"^ and 1 < U < V^~^ for some 6 > 0. Then for any integer b 
and 1 < c, c' < W with cd = b (mod W), we have 



l<x<U 



J2 E - b)/W)) 



^<y<v/x 



<^A,B v{\ogvy 



(4.9) 



x=c (mod W) y=c' (mod W) 

provided that \a — a/q\ < q^^ with (logy)'^ < g < tp{V){logV)~^ and {a,q) = 1. 
Proof. Let 



B-(k+l)A 

Apparently t/^, > min{(log V) , U} and 



t/, = min{g5I7, {2V'' /W'^q)^ ,U}. 

B-(k+l)A 

gV) ^ , U} and 



Rewrite 



l<x<U 



J2 E e{a^{{xy-b)/W)) 



^<y<v/x 



x=c (mod VK) y=c' (mod 



i<x<i/. 



U*<x<U 



J2 e{aij{{xy - b)/W)) 



i<y<v/x 



a;=c (mod W) x=c (mod VF) j;=c' (mod W) 
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Clearly 



l<a:<i7. 



J2 E <aij{{xy - b)/W)) 



^<y<v/x 



x=c (mod W) y=c' (mod W) 
W 



w 



j=l l<x<U, 
l<x<(7* 



E eU{x-c)/W) Yl e{aij{{x{Wy + c')-b)/W)) + 0{r 

+ 0{U,). 



l<y<V/Wx 



^ e{ailj{xy + {xc' -b)/W)) 

i<y<iv/w)/x 



By Lemma [4. im 



l<a;<;7. 



^ e{ailj{xy + {xc - b) /W)) 
i<y<{v/w)/x 



2K I _ 



17 + lA 



If = U, then U < (logV^)T^ and 



111 , , (fc-l)^ , fc 1 k+l 1 , , (2fc^+fc)A-(2fc 



1+ 



(fc-l)^+(fc+2)A (2fc-l)B 



2isr 



a-(fc+i)A 1 

Below we assume that < U, then (log\^) 2k^ <^ <^ Vi^ and 



VlogU, V-kWkUJ" + af"f/,^^^ {\og{aiqVW-^U,))^^ - + -f + ^ 



1 

2K 



fc + 1 



<l^log\/(\/-^iy^t// + al''{\ogV)^^{U,'''q-^ + U,^'' V-^ + )) 



«A,iJ^(log\/) 



1+ 



(fc-l)^+(fc+2)A (2fc-l)B 



2K 



4kK 
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On the other hand, 



U*<x<U 



J2 E e{a^P{{xy - b)/W)) 



i<y<v/x 



EC (mod W) y=c' (mod W) 



{U,-c)/W<x<{U-c)/W 

E 

(U,-c)/W<x<{U-c)/W 

E 

{U,-c)/W<x<{U-c)/W 



Notice that 

E 

{U*-c)/W<x<{U~c)/W 



e{ailj{xy + {yc-b)/W)) 



l<y<V/{Wx+c) 
y=c' (mod W) 



e{a^lj{xy+{yc-b)/W)) + 0{V/W'^x^' 



l<y<V/Wx 
y=c' (mod W) 



Y e{ailj{xy + {yc-b)/W)) 



l<y<V/Wx 
y=c' (mod W) 



0{V/WU,). 



Y e{a'4){xy + {yc-b)/W)) 



l<y<V/Wx 
y=c' (mod W) 



1 



E 

{U,-c)/W<x<{U-c)/W 



W 



Y e{aij{xy + {yc - b)/W)) ^ e{{y - c')j/W) 

l<y<V/Wx j=l 



< max 

l<j<W 



E 



(U, -c)/W<x< {U-c)/W 

Hence by Lemma 14.81 



J2 e{a^{xy + {yc-b)/W + iy-c')j/W) 

l<y<V/Wx 



E 

{U*-c)/W<x<{U-c)/W 



J2 e{ai:{xy + {yc-b)/W + {y-c')j/W) 

^<y<{v/w)/x 



3fc — 2fc-|-l 

<.VW-Hog{UW-^){UT^V-T^ + U, '^W^ +aj^ (log V) ^'^''W^' 



3k^ -2k + l+3A B 



□ 



Lemma 4.12. Let iIj{x) = aix^ + a2X^'^ ■ ■ ■ + ctfcX he a polynomial with integral 
coefficients and ai G Z+. Let A > 1 and B > 16k^A. Suppose that 1 < W,ai < 
{log^UV))"^ . Let g{x) be a polynomial with the degree at most k satisfying that the 
coefficient of x^ in g{Wx) is an integer. Then for any integer b and 1 < c,d < W 
with cc' = b (mod W), we have 



l<x<U 



J2 E e{amxy-b)/W)+g{y))) 



i<y<v 



x=c (mod W) y=c' (mod W) 



<^A,B UV{\og{UV))-^^ 

(4.10) 
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provided that \a — a/q\ < q^^ with (\ogV)^ < q < 4'{V){\ogV)~^ and {a,q) = 1. 



Proof. Suppose that U > (log V") at. Then by Lemma [4. 71 



J2 E eiamxy-b)/W)+giy))) 



l<x<U 



^<y<v 



x=c (mod W) y=c' (mod W) 
W 



E Yl e{a{^{xy-{W-c)y/W-b/W)+g{y))+j{y-c')/W) 



W 

l<x<{U-c)/W+l j=l l<y<V 
W 



j=l \<x<{lJ-c)IW+\ 



J2 e{a{^{xy - {W - c)y/W - b/W) + g{y)) + j{y ~ c')/W) 



3k^-2k + l 



1 fi w 



3fca-2fc+l+(fe+l)A B 

Also, if f/ < (logV")^, then by Lemma HI 

J2 eiamxy-b)/W)+giy))) 



qW^ \ 

q ' U ' aiiUW^ ) 



l<x<U 



^<y<v 



x=c (mod W) y=c' (mod W) 

^ E 

l<x<U 



J2 e{a{ilj{xy - {W - c')x/W - b/W) + g{Wy -W + c'))) 

^<y<{v-c')/w+i 



{fc-l)2 + {fe+2)A B 

<^A,BUV{\og{UV)) 57? 47?. 



fl W qW 
- + — + 



q V 



□ 



Theorem 4.1. Let iIj{x) = aix^ + a2X^~^ ■ ■ ■ + atx he a polynomial with integral 
coefficients and ai G Z+. Let A > 1 and B > 64/c^(/c^ + K'^)A. Suppose that 
1 < M/, Oi < (logA^)"^. Then we have 

^ \og{Wx + b)e{ai){x)) <^A,B N {log Ny^^^^ (4.11) 

l<x<N 
Wx+bis prime 

provided that \a — a/q\ < with (log A^)-^"*"^ < q < il){N){\og N)~^~^ and (a, q) = 
1. 

Proof. For a proposition P, define Ip = 1 or according to whether P holds. Let 

F{x) = e{aij{{x - b)/W))l^^b (mod w)- Let V = WN + 6 and X = V^/^. Clearly 



(logV)^ < (logX)^+^ <q< ip{N)i\ogNy-^ < i;{V)(\ogV) 



\B+1 



-B-l 
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By Vaughan's identity we have, 

^ A{x)F{x)^S,-S2-Ss, 



X<x<V 



where 

l<d<X l<z<V/dx<V/dz 

S2= Y /^(^) E E mn^dz), 

l<d<X l<z<V/d x<min{X, V/dz} 

and 

"^3= E E /^(^) E 

X<u<V l<d<X X<x<V/u 
d\u 

In fact, letting t„ = J2i<d\u,d<x K^), we have 

Y A(^)^M= E E E 

1<«<V X<x<y/« X<u<V X<x<V/u X<x<V 

since Ti = 1 and = for 1 < < X. On the other hand, 

E E A(a;)F(a;«) = ^ J] /.(c?) J] A(a;)F(a;«) 

l<u<y X<a;<y/u l<u<V d\u,l<d<X X<x<V/u 

= E '"(^) E E M^)F{xdz). 

l<d<X l<z<V/dX<x<V/dz 

First, we compute 



l-^il 



E '"^^^ E ^(a^)e(tt^((c^a;2: - 6)/W^))lda;;j=6 (mod W) 
d<X xz<V/d 

^du=b (mod W) 

l<d<X l<u<V/d x\u 



^du=b (mod W) 

log 

i<d<x i<M<y/(i 

dt 
— 

</ E E e(Q;V'((c^^i- &)/W^))l(i«=6 (mod 



l<d<X 



t<u<y/<i 
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Clearly 



J2 E e{ai^{{du-b)/W)) 

^du=b (mod W) 

l<d<X t<u<V/d 



e{aip{{du - b)/W))ldu=b (mod w) 

t<u<V/d 



E 

l<d<mm{X,V/t} 

E E 

l<c<W l<d<mm{X,V/t} 
{c,W)=l d=c (mod W) uc=h (mod W) 



e{a^{{du - b)/W)) 



t<u<V/d 



So it suffices to estimate 



E e{a4j{{du-b)/W)) 



l<(i<min{X,y/t} l<u<t 
d=c (mod W) uc=b (mod W) 



and 



Y E e{a^{{du-b)/W)) 



l<d<inin{X,V/t} l<u<V/d 
d=c (mod W) uc=b (mod W) 



Applying Lemma [4.111 



l<d<min{Xy/t} 



J2 E e{a4j{{du-b)/W)) 



l<u<V/d 



< \^(l0g\^) 16fe^if2 



d=c (mod ly) ^0=6 (mod W) 



Since 



E E eM((cin-6)/iy)) 



l<d<min{X,V/t} l<u<t 
d=c (mod ly) uc=b (mod W) 



we may assume that t >V2 . Then by Lemma 14.121 



l<d<mm{X,V/t} 



E E e{amu-b)/W)) 



l<u<t 



< l^(logt) 



d=c (mod W^) uc=b (mod VF) 
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Similarly, 

|^2| = J2 M Yl Hx)e{aij{{dxz -b)/W))l 

dxz=b (mod W) 

l<d<X l<z<V/dl<x<mm{X,V/dz} 

dxz=b (mod W) 

l<d<X l<x<X l<z<V/dx 

< Y Y ^(^) Y e{a^{{yz-h)/W))l 

yz=b (mod W) 

i<y<X'^ l<x<X l<z<V/y 
x\y 

<\ogV Y Y eiai:{{yz-b)/W))l 

yz=b (mod W) 

^<y<X'^ l<z<V/y 

where Lemma [4.111 is used in the last step. 
Finally, let 

xu=b (mod W) 

Ui<u<U2 X<x<V/u 

with X <Ui<U2< 2Ui, where r„ = Ei<d<x,d\uM- Clearly S3{UuU2) ^ 
only if X < V/Ui. Since |t„| < d{u), we have 



< 



\S3{U,,U2)\ 



Y 

Ui<u<U2 



U2 



Y Y H^)(^i<^^iixU - b)/W))l^u=b (mod W) 
u=Ui X<x<V/u 



2\ i 



<C/|(logf/2)t ( Y Y Hx)Aiy)e{amxu - b)/W) - ^{{yu - b)/W))) 



Ui<u<U2 X<x,y<V/u 
xu=b (mod W) 
yu=b (mod W) 



Now for 1 < c, c' < W with cc' = b (mod W) , 

Y Y Hx)A{y)e{amxu - b)/W) - ij{{yu - b)/W))) 



Ui<u<U2 X<x,y<V/u 
u=c (mod W) x=c' (mod W) 
y=c' (mod W) 



Y A(x)A(y) Y 



e{a{ip{{xu - b)/W) - ip{{yu - b)/W))) 



X<x,y<V/Ui 
x=c' (mod W) 
y=c' (mod W) 



Ui<u<mm{U2,V/x,V/y} 
u=c (mod W) 



--2 Y M^)My) Y eiamxu-b)/W)-i;{iyu-b)/W))) 



X<x<y<V/Ui 
x=c' (mod W) 
y=c' (mod W) 

+ 0{{V/Ui-X)/W). 



Ui<u<mm{U2,V/y} 
u=c (mod W) 
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And 

Hx)A{y) Yl e{amxu-b)/W)-ij{{yu-b)/W))) 

X<x<y<V/Ui Ui<u<mm{U2,V/y} 
x=c' (mod W) u=c (mod W) 

y=c' (mod W) 

= E ^(^) E ^(^) E eiamxu-b)/W)-i;iiyu-b)/W))) 

V/U2<y<V/Ui X<x<y Ui<u<V/y 

y=c' (mod W) x=c' (mod VK) u=c (mod VK) 

+ E ^(^) E ^(^) E e(a(^((xw-6)/iy)-^((2/n-6)/W^))). 

X<y<V/U2 X<x<y Ui<u<U2 

y=c' (mod W) a;=c' (mod W) m=c (mod W) 

If < y, then by Lemma 14. 12^ 

J2 E e(a(7A((xn-6)/Ty)-^((yM-6)/W))) 



c/i<u<y/s/ 



x=c' (mod VK) u=c (mod W) 

<(X + |/)f/i(logf/i)-Tii^7 + (X + y){V/y){\og{V/y)yTEi^ 
<(X + y)(f/i + y/y)(logl^)-T5if^. 
Also, if y < V/U2, then by Lemma [4. 121 

^ J2 e{amxu~b)/W)-^P{{yu-b)/W))) 

X<x<y Ui<u<U2 
x=c' (mod W) u=c (mod PV) 



<(X + y)f/i(logf/i)~THI7?^ + (X + 2/)[/2(log 

<(X + y){Ui + ?72)(logy)~T^. 

Hence 



B 



J2 A(x)A(y) 5^ eiamxu-b)/W)-i;i{yu-b)/W))) 



X<x<y<V/Ui Ui<u<mm{U2,V/y} 
x=c' (mod W) u=c (mod VF) 

j/=c' (mod W) 



Y {X + ym + V/y)+ Y iX + y){U, + U2)^ 



■V/U2<y<V/Ui X<y<V/U2 
y=c' (mod W) y=c' (mod W) 



It follows that 

S3{Ui,U2) < Ui {\ogU2)Hv'^U{\\ogVf-^)^ < V{\ogVf-^. 

and 



Ss<^v{\ogvy 

All are done. □ 
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